Quasi- Exact Solvability and Deformations of Sl{2) 
Algebra 

en . Arunesh Roy^, Abhijit Sen^ and Prasanta K. Panigrahi^* 

f^ ■ ^Department of Physical Sciences, Indian Institute of Science Education and 

CN I Research -Kolkata, Mohanpur Campus, P.O. BCKV Campus Main Office, Mohanpur 

5-1 ■ - 741252, Nadia, West Bengal, India. 

Ph' 






^Suri Vidyasagar College, Suri-731101, West Bengal, India. 
E-mail: pprasantaOiiserkol . ac . in* 



(— I , Abstract. Algebraic structure of a class of differential equations including Heun 

pi i' is shown to be related with the deformations of sl{2) algebra. These include both 

quadratic and cubic ones. The finite dimensional representation of cubic algebra is 
explicitly shown to describe a quasi-exactly solvable system, not connected with sl(2) 
symmetry. Known finite dimensional representations of sl(2) emerge under special 
conditions. We answer affirmatively the question raised by Turbiner: "Are there quasi- 
exactly solvable problems which can not be represented in terms of sl{2) generators?" 
K^ and give the explicit deformed symmetry underlying this system. 

(SJ ■ PACS numbers: 03.65.Fd, 02.20. Sv 

(N 
(N 

_J ■ Submitted to: J. Phys. A: Math. Gen. 

O 

ff^ ■ 1. Introduction 

It is well known tliat, only a few one dimensional Schrodinger eigenvalue problems 
exhibit exact solvability [Ij. Recently, the class of spectral problems showing quasi- 
i^ I exact solvability has attracted considerable attention |2j. Quasi-exactly solvable (QES) 

.^.' systems have partially tractable energy spectrum. Only a few eigenvalues and their 

eigenfunctions are analytically approachable [3llll|5]. They have a deep connection with 
finite dimensional representations of sl{2) group and are also connected with equilibrium 
electrostatic configurations [3J. Interestingly, a quasi-exactly solvable system has been 
identified, which has connection with Heun differential equation [6] and is not amenable 
to the s/(2) based classification [7]. 

In this paper, we analyze the algebraic structure of a wide class of differential 
equations, including Heun as a subsystem. It is found that the underlying symmetries of 
this class of equations are deformed s/(2). These deformations are of cubic and quadratic 
type for Heun and confluent or bi-confiuent Heun differential equations, respectively. It 
is also found that, the finite dimensional representation of cubic algebra, describes a 
quasi-exactly solvable system, not connected with sl{2) symmetry. 

The paper is organized as follows. In the following section, we will consider a class 
of differential equations with regular singularities ranging from to 3, of which Heun is 
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a subclass. We identify the operators in the respective differential equations, from which 
the deformation of the algebra emerges. We also compute the Casimir characterizing the 
representations. Subsequently, we consider the exact and quasi-exact solvability of the 
differential equations, when related to appropriate eigenvalue equations. The respective 
conditions of exact and quasi-exact solvability produces Hypergeometric and a type of 
Heun differential equation. Finite dimensional representation of sl{2) algebra is shown to 
emerge under certain conditions, which characterize a number of quasi-exactly solvable 
systems. Our analysis, not only answers positively the question raised by Turbiner [3] 
: "Are there quasi-exactly solvable problems which can not be represented in terms 
of sl{2) generators?", but also gives the explicit deformed symmetry underlying this 
system. 



Table 1. The parameters for the Hcun class and the Jacobi differential equations and their related symmetries. 
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2. Heun Class of Differential Equations and Deformed Sl{2) Algebra 

As mentioned before, the spectral Schrodinger equation, 

d"^ 
Hip = Ei:,H = — —r + V(x), X G (-00, +00) or X G [0, cx)) (1) 

can be connected with differential equations, having different singularity structure by 
suitable change of variables and appropriate point canonical transformations P]. These 
differential equations are generically of the form. 



^'Wi^ + ^=<^'I + ^'W 



iix) = 0, (2) 



where 



/i(x) = OoX'^ + aix^ + a2X + 03, (3 a) 

/2(x) = a4X^ + a^x + ag, (36) 

/3(x) = flyx + as; (3 c) 

with Qi G R for i = 0, . . . , 8. These equations have regular singularities, varying 
between to 3, depending on the values of aj's. 

Keeping in mind quasi-exactly solvable problems and their connection with sl{2) 
algebra, we now start with a finite dimensional representation of sl{2) algebra with spin 
j, in a space of monomials a;-^+™ (m < |j|). The following generators 

J'' = x'^-2jx, J' = x^-J, J- = ^, (4) 

dx dx dx 

satisfy the closed algebra 

[J+, J-] = -2J°, [J°, J±] = ±J±. (5) 

The fact that the representation space is finite and algebraically interrelated explains 
the quasi-exact solvability of the corresponding Schrodinger equation [9]. 

To analyze the symmetry of the QES problems for the aforementioned class of 
differential equations ([2]), we introduce a set of operators {P+,Po,P^} in the space of 
monomials such that : 

P+x" = c+x"+\ Pox" = Cox", P_x" = c_x"-^ 

The general differential equation ([2]) can be cast in terms of {P+,Po,P_} operators if 
as = : 

[P+ + P(Po) + P-]V^(x) = 0. (6) 



Clearly 



d^ d 
P+ = aox — -^ + a4X — + ajx, 






^, d , d^ d 
F{x—) = aix -— + agx— + ag, 

(jjtjy (XJL (XJb 


Po-- 


d 
dx 


r, d' d 
and P = a2X-— + ag--. 
ax^ dx 







(7a) 
(76) 
(7c) 
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F{x-^) can be simplified in terms of Pq: 



F{Po) = aiP^ + ((2j - l)ai + a5)Po + (oij' - (ai - 05)^ + as)- 
Tlie algebraic structure can be inferred from the following closed form, 



[P+, P_] = a,P^+f3^P^+J^Po+6^ = /(Pq) and [Pq, P±] = ±P±(8) 



where. 



«! = — 4aoa2; Pi = 6(1 — 2j)aQa2 — 80204 — Saofle 

7i = (— 2aoa2 + Sa^aQ — 20405 — 20207 + O2O4) 
+2(6oo02 — 302O4 — 30o06)j + (— 120o02)j , 

61 = —a^aj + ( — 2O0O2 + SOgOg — 2O4O6 — 2O2O7 + 0204)j 
+ (60o02 — 302O4 — 30o06)j + (— 4oo02)j . 

The eigenvalue of the Casimir operator, C = J^ J^ + g{J^) is (06O7), with g{J^)—g{J^ — 
1) = /( J°) [ID] for the present case. Hence, the constituent operators of the differential 
equation (J2]) satisfy the cubic deformation of the si (2) structure [HI [El [13l HI] . Some 
well known differential equations O ISl HSl [13 [ISl [IS] with the above structure, are 
listed in Table- 1. The solutions to the above equations can be obtained employing 
a recent approach, which connects the space of monomials to the solution space |20j . 
For this purpose, the differential equation should be cast in the form IQ provided the 
condition F{x4-)x'^ = 0. This leads to. 



A.^^ 



2oi 



l)±V^ 



4oi 



-(05 - oij ± Vlcts - cti 

The solution to the differential equation ([2]) can be given by, 

1 



^(x) = c,,^(-i; 



m=0 



{P+ + P-} 



X 



-A± 



(9) 



(10) 



_(D + A+)(D + A_) 

The above is exactly solvable only when P_ = and is quasi-exactly solvable under 
certain conditions, when both P+ and P_ are present [5]. 



3. Exact and Quasi-Exact Solvability 

It has been shown that ^, quasi-exactly-solvable Schrodinger equation that are 
connected to bilinear representation of s/(2), can be cast in the differential form: 

- P4(x)^ + Psix)^ + iP2ix) - e)^ = 0, (11) 

where Pj's are the polynomials of the i-th power {i = 2, 3, 4) : 

P4 = 0++X'* + a^QX^ + (o_|__ + ooo)a;^ + oo_x + o , 

P3 = 2(2j - l)o++x=^ + [(3j - 1)0+0 + b+]x' 

+ [2j(o+_ + ooo) + floo + bo]x + joo + 6_, 

-P2 = 2j(2j - l)o++x^ + 2j(jo+o + b+)x + aoof + &oi 
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We now investigate the conditions for exact and quasi-exact solvability of the 
aforementioned class of spectral problems. Comparing this equation with ([2]) yields 
a++ = a = and leads to, 

2j(a+- + am) + ctoo + ^0 = 05, joo- + &- = ag, 



-2j(ia+o + b+) = aj, -{aoof + boj) 



as. 



The conditions that are to be imposed upon the differential equation ([2]), for exact- 
solvability and quasi-exact solvability are : 



a++ — a+o 







and 



ao- = a = 6_ = 0, 



(12) 
(13) 



respectively. 

The exact solvability conditions ( !T2|) . applied to ([2]), yield 

aaX £^{x) a^ f agX d^/j{x) a^ 



ai 



dx'^ 



ai 



05 



dx 



ai 



(14) 



which is the Hypergeometric differential equation. The two solutions can be cast as a 
mapping connecting the monomial space to the space of polynomials [21] : 



?/'A±(x) = Cx^exp 



d^ 



d 



0'2X-r^ + '^63- 
dx'^ dx 



X 



'A± 



(15) 



The quasi-exact solvability conditions given in Table 2, produces a differential 
equation of the Heun type 

\ ao/ dx'^ cto \ ciij dx ao \ 07/ 
The two solutions to the above differential equation are [22] 



i^\±{x) = Cx±exp 



'-!) 



(D + X, 



d^ 



d 



aox"—-^ + a^x — — h a-jx 



dx"^ 



dx 



X 



-A± 



(17) 



Under certain conditions, these series can terminate yielding polynomial solutions, that 
leads to known QES systems [5]. 





Table 2. 


Quasi-exact 


solvability conditions 


Condition 




Result 


Implication 


ao- = 
6_ = 




a2 = 
as = 


Linear term in fi{x) is zero 
Constant term in /2(x) is zero 
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We now deal with the Heun equation, not amenable to the s/(2) structure. We 
answer Turbiner's question affirmatively, by exploiting the algebraic symmetry, through 
a physical example. 

Let us consider the equation 



where 



a 

c - 



(f ^ d 2 

i-r^ + h-— + c + z/„ 
dcr^ da 



l-a')\a' + e'), 



^r, 







:i8) 



h = a{l -CT2)(l-2e^-3CT^ 



15a'' 



and 



z/2 = 4(1 + e') UnV^l^ 



This equation arises from a Schrodinger like equation, when one performs stability 
analysis around a kink solution of the cff' theory in one dimension [23]. By defining 



C = cr^ Vn = (1 - CYf where s 
form of the Heun equation: 



1_ (^ 



<Pf 



+ 



? + 



+ 



dC LC (C-1) (C-a)J ^C C(C-i)(C-«) 



df 



, (TT8|) can be cast into the canonical 

aPC — q 



-/ = o. 



(19) 



where 



7 



a 



\^^ 



and 



2 



— s 



1 + 2s, a = — e 



— [1 - 2e^ - 4(1 - s2)(l + e^) + 256^] 



The Heun equation is known to arise in several other contexts of physical interest 
, 121 EH [2Sl I2Z]. Equation (HHD can be written in the form, 

{H - q)f = {P+ - aP^ + F(Po)}/ = 0, (20) 



where 



P 



C'^ + (7 + ^ + ^)C':^ + «/3C, 



d_ 
dC 



d^ d 

^dC^^dC' 
d 

dC 
and F(Po) = niP^ + uiPq + no. 



(21a) 

(2U) 

(21c) 
{2ld) 



Here, 



na = -(a + 1), m = {a - (7(0 + 1) + a(5 + e) + 1} - 2j(a + 1), 

no = -(a + l)j^ + {a - (7(0 + 1) + a5 + e) + l}j - g. 
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Here P+ and P_ are raising and lowering operators in the space of monomials 
{1, C, C^) • • • ! C^''}) where A^ = (2j + 1) is the dimension of the space. The closed algebra 
is a cubic deformation of sl{2), 

[P+, P_] = aiP3 + /3,P^ + 7iPo + S, , [Po, P± 



±P 



± 



(22) 



with 



ai=4, /3i=3(27 + (5 + e-2) + 12j, 

7i = {2a(3 - 37 + 2 + (27 - 1)(7 + 5 + e) 

+6(27 + 5 + e-2)j + 9f}, 

5i = a/37 + {2a/3 - 87 + 2 + (27 - 1)(7 + 5 + e)}j 

+3(27 + <5 + e - 2)j2 + 4f. 

We now assume a polynomial solution of f lT9|) of the form, 

where / = 1 or / = |, correspond to the independent variable a^ and a respectively 

in (IT8|l . Thus, to obtain a polynomial solution of definite degree, we terminate the 

polynomial at C"~^ ^^^ impose P+(^"~^ = 0. This leads to 

15 
s'^ + {2n-l)s + n'^ -n- — = 0. (23) 

The above restriction allows, n = 2,s = 1/2 and n = 3/2, s = 1, yielding. 



1/2 



and 



Hx)n=2 = {l-CY^'fiO 



Hx)n=3/2 = {l-C)f{e^') 



sinh2(f) 



e^ + l 



+ sinh 



e^+l 



2/ fix-' 



(^ + sinh2(f)) 



.(24) 



sinh(f) 



+ smh\if)J (ii+i+sinh2(/^)) 



1/2 



.(25) 



respectively, with a{x) = sinh(/ia;/2) ^4^ + sinh {fix/2) 



We note that the above 



is the ground state, since P_/(C^/^) = 0, leads to 

with the solution 

/(C5) = 2ciC5+C2. (27) 

Comparing this with {H — E)f{(2) = 0, one has C2 = 0, leading to the state ip{x)n=3/2- 
It is worth pointing out, that we limited ([2]) to only 3 singularities, which led to an 
algebra with three generators {P+,Po,P_}. Extension of this algebra can provide new 
symmetry and more general structure. Assuming fi{x) to be (i = 1, . . . , 3), 

N N~l N-2 



n=0 



n=0 



n=0 
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we get operators of order (^-2) and the algebra extends to 
{Pn~2,Pn~i, ■ ■ ■ ,Po,P-i,P-2}- Note that generahzed and tri-confluent Heun differ- 
ential equation can be treated as examples of this extension |2Hl EH] . These algebraic 
structures need careful study, which is currently under investigation. 

In conclusion, we have investigated the algebraic structure of a wide class of 
differential equations connected with spectral problems. It is found that, these 
equations, naturally possess deformed sl{2) as their underlying symmetry algebra. The 
hidden symmetry of Heun differential equation is shown to be the cubic deformation 
of s/(2) algebra, whereas the confluent and bi-confiuent Heun lead to quadratic 
deformation. It is explicitly shown that exactly solvable and QES systems emerge from 
our analysis in an unified manner. We also explicitly show the algebraic structure of a 
dynamical systems not connected with the s/(2) structure. In future, we would like to 
extend this investigation to other equations like tri-confiuent and generalized Heun and 
generalize the study of this algebraic structure to higher dimensional symmetries. 
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